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The 'n-equivalences' of boundary conditions of lattice models are intro- 
duced and it is derived that the models with n-equivalent boundary condi- 
tions result in the identical free energy. It is shown that the free energy of 
the six- vertex model is classified through the density of left/down arrows on 
the boundary. The free energy becomes identical to that obtained by Lieb 
and Sutherland with the periodic boundary condition, if the density of the 
arrows is equal to 1/2. The relation to the structure of the transfer matrix 
and a relation to stochastic processes are noted. 
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Two configurations {sj} and {s^} where the corresponding local variables 
are the same: Sj = s'^ except a finite number of them can be regarded as 
being identical when we consider the thermodynamic limit properties. This 
is also true when the differences approach infinity but remain of the lower 
orders than bulk quantities such as the total number of sites or the total 
energy contributions. It follows that boundary conditions, for example, of 
lattice models are usually irrelevant to the thermodynamics. 

On the other hand, a six-vertex model with a specific boundary condition 
was solved pQ and it is found that the free energy of it is not identical to the 
free energy previously obtained [3 El EI with the cyclic boundary condition. 
This difference of two free energies comes from the fact that the configurations 
of the six-vertex model should satisfy the six- vertex restriction, and therefore 
the boundary condition is still relevant in the thermodynamic limit, even if 
the energy contributions coming from the boundary sites are irrelevant in 
the limit. 

In this short note an equivalence relation of boundary conditions is intro- 
duced. It is generally derived that two boundary conditions yield the same 
free energy if they belong to the same equivalence class, even in models with 
long-ranged restrictions. Several related properties will also be discussed. 

First let us define the equivalence relation. Let us consider classical lattice 
models where each local variables takes one of a finite number of states. We 
assume that the number of boundary sites is of a lower order than the total 
number of sites. Let us consider the set of sites which lie in the lattice and can 
be reached from the boundary sites by just n steps (n bonds) at minimum; 
we call these sites the n-boundary sites. Let us consider the set of bonds 
between (n— 1)- and n-boundary sites, and call them the n-boundary bonds. 
At last let us consider the n-boundary sites together with the n-boundary 
bonds and call them the n-boundary, and also call the configurations on the 
n-boundary the n-boundary configurations. Let {Tj} be the set of all the 
possible configurations on the n-boundary with a boundary condition T on 
the actual boundary of the lattice. Two boundary conditions T and T f are 
called n-equivalent when {Tj} = {T^} as a set of n-boundary configurations. 

Then we can show the following fact. Suppose that the boundary con- 
ditions T and T' are n-equivalent throughout the thermodynamic limit with 
some finite n. Then the two free energies with V and V are identical. Proof: 
Let us write the partition function as Z = '^ ii BiZi. The factor Zi is the 
partition function from the set of local variables on the lattice inside the 
n-boundary with fixed n-boundary configuration Tj. The factor is the 
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partition function from the other local variables with T and IV Then the 
factor BiZi is the partition function of the system with the T and fixed IV 
From the assumption that n is always finite, we obtain log Zi = —(3Nfi+o(N) 
and log-Bj = o(N) where N is the total number of sites. The index % runs 
from 1 to i max where i max is the number of the possible configurations on the 
n-boundary with the boundary condition T. We have i max < 0(r N ) where 
r is a constant and N' is the number of sites on the n-boundary. Then we 
obtain 

^ogZ = llog£>Si) 
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where fi = fi(l<i< mi), f x < f i {m 1 + l< i). i 

All the boundary conditions are 1-equivalent to each other for the Ising 
models because the spin states are independent of their nearest-neighbors. 
This results in the following trivial fact that the free energies of the Ising 
models with finite range interactions are independent of the boundary con- 
ditons. 

This equivalence can be used in a slightly generalized form. We can 
concentrate on a part of the boundary {e.g. one of the four edges of the 
rectangle, this will be considered below) with a condition T, and introduce 
the corresponding n-boundary and the corresponding n-equivalence. 

Let us consider the six-vertex model on a rectangular lattice with h rows 
and w columns. We assign an arrow on each bond. Two arrows in and the 
other two out at each site. Then there exist six types of possible local arrow 
arrangements as shown in Fig.l, and we call them the six vertices. Each 
vertex has finite energy, the energy is assumed to be unchanged reversing 
all the four arrows around the site. One can assign a line to a bond if the 
arrow on the bond points down or points left, as shown again in Fig.l, and 
there exists a one-to-one correspondence between configurations of arrows 
and configurations of continuous lines on the lattice. The possible six arrow 
arrangements satisfy the restriction that the lines do not intersect each other 
and continue beginning from one bond on the boundary of the lattice to 
another bond on the boundary. The total number of lines is hence conserved 
when the boundary configuration is fixed. 
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Let us assume that the line configuration on the first row of vertical bonds 
(upper edge of the rectangle) is fixed and identical to that on the last row, 
and also assume that the line configuration on the first column of horizontal 
bonds (the right edge of the rectangle) is fixed and identical to that on the 
last column. In this case the number of lines is conserved in each step moving 
from the first row to the last row, and also from the first column to the last 
column. Let us assume that there are always n\ (n 2 ) lines on the first po 
boundary bonds on the upper (right) edge and n\ {n-i) lines on the next po 
bonds on the edges, and vice versa. In this case we introduce the boundary 
line density p« as pi = n^/po where i = 1 and 2. Fix a sequence of finite 
rectangles approaching to the thermodynamic limit. Then the free energy of 
the six-vertex model is determined by pi and p 2 : f = /(pi,p 2 ). Proof: If 
p 2 = the free energy is equal to (1 — pi)ei+pie 2 (and similarly if pi = 0). As 
for the cases with the densities equal to one, we can use the fact that the free 
energy with (pi, p 2 ) = (1 — p, 1 — p') is identical to that with (pi, p 2 ) = (p, p'), 
which comes from the symmetry of the vertex energies. If both of pi and p 2 
satisfy < pi < 1, consider an edge with the density pi and the corresponding 
n-boundary. It is easy to convince that all the boundary line configurations 
on the edge with the density pi are n-equivalent to each other, where n = kpo 
is now a fixed constant proportional to po. This argument is valid respectively 
for the other three edges. | 

It can be derived , with the use of the n-equivalence, in the case of the 
six-vertex model with more general situation, that /(1/2, 1/2) = /ls where 
/ls is the free energy obtained El Hj with the cyclic boundary condition 
in both the horizontal and the vertical directions. 

This argument can be applied to line conserved models on other lattices. 
The argument is also easily generalized to models with Zj lines on each bond 
i, where U = 0, 1, . . . , q — 1, that is the q state vertex models. On the square 
lattice, for example, with q = 3 we have the 19-vertex model. 

A kind of SOS model is equivalent [6.J to a q state vertex model and also 
equivalent to a class of spin S classical and quantum spin chains, where the 
total magnetization corresponds to the number of lines. 

Next we note the relation between the n-equivalence and the structure of 
the transfer matrix. Let us consider the six-vertex model on the rectangle 
and assume the cyclic boundary condition in the horizontal direction, i.e. 
the six-vertex model on a cylinder. The free energy is obtained from the 
maximum eigenvalue of the transfer matrix V. All the matrix elements of V 
are non-negative because each element is a sum of Boltzmann weights. The 
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matrix V is block-diagonalized according to the number of lines m which is 
conserved from row to the next row, and let V m be the corresponding block 
element. It is easy to convince that all the line configurations with m lines, 
m < w, on the upper edge are n-equivalent to each other, where n = kw and 
A; is a positive integer. This means that there are allowed line configurations 
on the lattice with arbitrary fixed boundary line configurations with m lines 
on the first row and other arbitrary line configurations with m lines on the 
last row, if h is larger than 2kw. Then all the matrix elements of Vj^ are 
positive, and hence is irreducible, because any matrix is irreducible if all 
of its elements are positive. We can thus conclude that V m is irreducible, 
because V£ cannot be irreducible if V m is not. This fact means that the 
transfer matrix is irreducible if the bases (line configurations on the row) 
used for the matrix representation are n-equivalent to each other. We can 
also say that all the line configurations on the first row with m lines result 
in the same free energy in the limit h — > oo with fixed w, because they are 
/cw-equivalent and kw is finite. The free energies remains of course identical 
when we take the limit w — > oo afterwards. 

At last we will make a comment on the relation with stochastic processes. 
In this case, V is a stochastic matrix where the sum of the elements of each 
row is unity that is the total sum of probabilities. It is known that the max- 
imum eigenvalues of such matrix are always unity and the absolute values 
of the other eigenvalues do not exceed unity. Let us consider a stochastic 
system characterized by a finite number of variables (/i, . . . ,l s ), with a kind 
of conservation law =const. This kind of stochastic processes corre- 
spond to the line-conserved lattice models. The stochastic matrix is block 
diagonalized for each set of n-equivalent initial conditions. Each block ele- 
ment is irreducible and the limiting state is again classified according to the 
n-equivalence. 
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Fig.l Six vertices, corresponding lines and energies. 



7 



